Abstract. We prove that singular Riemannian foliations in Euclidean spheres can be defined by polynomial equations.
Introduction
Isoparametric hypersurfaces in Euclidean spheres have been studied by Cartan in the thirties (cf. [7] ) and then forgotten for a long period of time. Such hypersurfaces are natural and very interesting generalizations of (orbits of) isometric cohomogeneity one actions on spheres. A major step towards the understanding of isoparametric hypersurfaces has been done by Münzner in [19] , [20] . He proved a finiteness result controlling the topology of the hypersurfaces and an algebraicity result building a bridge between geometry and algebra: any isoparametric hypersurface is given as the zero set of a polynomial equation. Starting from these results essentially all isoparametric hypersurfaces have been classified by combining deep topological, geometric and algebraic insights [1] , [16] , [24] , [8] , [11] .
In the same way isoparametric hypersurfaces generalize isometric cohomogeneity one actions, singular Riemannian foliations generalize (orbit decompositions of) arbitrary isometric actions on spheres. Besides the intrinsic interest in such objects, related to the study of Euclidean submanifolds with special properties, singular Riemannian foliations in round spheres describe local structure of singular Riemannian foliations in arbitrary Riemannian manifolds (cf. [18] ). Thus the understanding of singular Riemannian foliations in spheres is of major importance in the theory. Molino, not being aware of the existence of non-homogeneous isoparametric foliations (cf. [13] ), has conjectured that all singular Riemannian foliations in Euclidean spheres are homogeneous. However, there is in fact a vast class of non-homogeneous examples (cf. [22] ). Despite this, all singular Riemannian foliations with closed leaves are of algebraic origin as our main theorem shows: Theorem 1.1. Let (S n , F ) be a singular Riemannian foliation with closed leaves. Then there exists a polynomial map ρ = (ρ 1 , . . . ρ k ) : R n+1 → R k such that any leaf of F coinicides with some fiber of ρ. The induced map S n /F → R k is a homeomorphism onto the image.
Our result identifies the quotient space S n /F as a semi-algebraic set and provides a related finitely generated algebra of F -invariant polynomials (Proposition 4.2 below). This result opens the way to algebraic methods in the theory of singular Riemannian foliations. Applications of this approach will be discussed in a forthcoming paper.
As a direct consequence of Theorem 1.1 we deduce: Corollary 1.2. Let (S n , F ) be a singular Riemannian foliation with closed leaves. Then any leaf of F is a real algebraic subvariety of the Euclidean space R n+1 .
We would like to mention a recent result of a similar spirit and origin. For a submanifold L ⊂ S n being a leaf of a singular Riemannian foliation imposes a severe restriction on the set of focal vectors in the normal bundle νL of any leaf L, [6] , [4] . A slightly related restriction on the set of focal vectors of a submanifold is imposed by the assumption of the tautness of the submanifold, cf. [10] , [9] , [26] . All isoparametric hypersurfaces are taut (cf. [15] ) and thus the recent result of Q.Chi that all taut submanifolds of the Euclidean space are algebraic [10] , can be seen as a different generalization of Münzner's theorem.
A fundamental tool in the proof of Theorem 1.1 is the control of the averaging operator, a replacement of the averaging with respect to the Haar measure:
where the integral is taken with respect to the induced Riemannian volume on the leaf L p through p. [21] for the averaging operator of a regular Riemannian foliation with non-closed leaves. In our case the smoothness is preserved, too:
has a smooth, respectively polynomial representative then so does the averaged function [f ].
This result implies that the ring of basic polynomials is finitely generated, Proposition 4.2, and provides enough basic polynomials to deduce Theorem 1.1.
The averaging operator is defined for any Riemannian manifold M and singular Riemannian foliation F with compact leaves. If the singular foliation F is given by leaf closures of some regular Riemannian foliation G on M , then our averaging operator with respect to F coincides with the averaging operator with respect to G, as defined in [21] . Thus, Theorem 1.4, Theorem 3.3 and [21] give rise to the hope that the the following question has an affirmative answer: The proof would require a deeper understanding of the structures of the singularities of a singular Riemannian foliation, in particular the behavior of the mean curvature vectors of regular leaves in a small neighborhood of singular leaves. No problems arise if the mean curvature field is basic in the regular part of F , a very well known condition in the analysis of Riemannian foliations (cf. [21] and the literature therein). In this case the answer to the question above is indeed affirmative (Theorem 3.3).
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Preliminaries
Let M always denote a Riemannian manifold and let F always denote a singular Riemannian foliation on M with compact leaves, i.e., a decomposition of M as a disjoint union of compact smooth submanifolds L p , called the leaves of F , such that the leaves are equidistant, and such that smooth vector fields everywhere tangent to the leaves span all tangent spaces to the leaves. We refer the reader to [18] , [3] and the literature therein for introductions to the subject. Note that the assumption that all leaves are compact makes further usual assumptions on M like compactness or completeness irrelevant.
The manifold M decomposes as a locally finite union of strata, which are smooth submanifolds of M . There is exactly one open and dense stratum, the principal stratum of M , denoted by M 0 . The restriction of F to M 0 is given by a Riemannian submersion with compact fibers π : M 0 → B 0 onto some Riemannian manifold B 0 . For a point p ∈ M we denote by H(p) the mean curvature vector of the leaf L p through p. By κ we denote the dual 1-form κ(v) := v, H . Note that κ is a smooth form on M 0 . But be aware, that κ is definitely non-smooth at singular leaves (indeed, H 2 explodes quadratically as one approaches a singular point, [5, Prop. 4.3] ).
We say that F has basic mean curvature if the form κ is a basic 1-form on the regular part M 0 , hence if the smooth horizontal vector field H on M 0 is the horizontal lift of a vector field on B 0 .
The union M 1 of all strata of codimension at most 1 consists only of leaves of maximal dimension. The restriction of F to M 1 is thus a regular Riemannian foliation, and either M 1 = M 0 (which is always the case, if M is simply connected), or the restriction of F to M 1 is not transversally oriented. In the former case, M 1 has a double cover M If F is a singular Riemannian foliation on S n there is a natural extension of F to a singular Riemannian foliation CF on R n+1 . The leaves of the cone CF of F are the images of leaves of F under the natural dilations x → r · x, for r ∈ [0, ∞).
3.
Smoothness of the averaging operator 3.1. Measurable properties. Let (M, F ) be a singular Riemannian foliation with compact leaves. Let M 0 be the principal stratum as above. Since M \ M 0 has measure 0 we can restrict ourselves to M 0 in all question which concern only almost everywhere properties of functions, in particular, when dealing with integrable and square-integrable functions. The subsequent considerations can be found in a much more general situation in [21] , thus we only sketch the arguments.
Applying Fubini's theorem to the Riemannian submersion π : M 0 → B 0 we see that for any locally integrable function f ∈ L 1 loc (M ), the restriction of f to almost any fiber of π (i.e. a leaf of F ) is integrable. Moreover, for any compact subset of K of B 0 we have the equalitŷ
with L 2 (M 0 ). From the above formula and the inequality of Cauchy-Schwarz we deduce (cf. The smoothness is evident, since in M 0 the leaves depend smoothly on the point. Indeed, the smoothness statement is a trivial case of [21] . Using our assumption on the mean curvature we are going to conclude that the average operator (on the principal part M 0 ) commutes with basic horizontal derivatives and with the Laplacian. Denote by ω the volume form of the leaves, well defined up to a sign. The mean curvature describes the infinitesimal volume change along the flow of X, hence the Lie derivative of the measures ω along the vector field X is given by L X (ω) = −κ(X) · ω ([14, Proposition 4.1.1]). Since κ is basic, the function κ(X) is constant along each leaf. Thus for any function f with [f ] ≡ 0 and any p ∈ M 0 we have
The last summand vanishes by assumption, hence´L
From the previous Lemma we are going to deduce that the averaging operator commutes with the Laplacian (cf. [21] , Propositions 4.1 and 4.3). Define the basic, resp. vertical Laplacians ∆ h , ∆ v as
The operators ∆ v , ∆ h do not depend on the choice of the vertical and horizontal frames, and moreover ∆ = ∆ h +∆ v is the usual Laplacian. Hence it suffices to prove the following identities:
Since the O'Neill tensor is skew-symmetric we see On the other hand, consider the operator
which is just the Laplacian along the leaves of the restriction of f to the leaves. By definition
Due to Lemma 3.1, the derivation along the basic field H commutes with [·] . Moreover, since the Laplacian of a constant function is 0 and since the integral of the Laplacian of any function on any compact manifold is 0, we get for any smooth function f :
In particular, ∆ l commutes with the averaging operator as well. This implies Equation (3.2).
3.3. Boot-strapping to smoothness. Under the assumptions above we are going to prove now that for any smooth function f : M → R, the smooth average function [f ] : M 0 → R has a smooth extension to M . 
Homogeneous basic polynomials
In this section, we consider a singular Riemannian foliation F with compact leaves on a round sphere S n . Consider the induced foliation CF on the Euclidean space V = R n+1 invariant under canonical dilations. By [4] , both foliations have basic mean curvature and the results from the previous section, show that for a smooth function f :
is smooth as well. Since the leaves of CF through points in S n coincide with the corresponding leaves of F , the average of f | S n with respect to F is just the restriction of [f ] to the sphere S n .
The following observation together with Theorem 3.3 finishes the proof of Theorem 1.4: Proof. Since any coordinate ρ i of ρ is basic, the map ρ descends to a map ρ * : R n+1 /F → R k .
Since the basic polynomials separate points and ρ i generate the ring of all basic polynomials, the map ρ * : R n+1 /F → R k is a bijection onto its image. In particular, the non-empty fibers of ρ coincide with leaves of CF , thus ρ is proper and so is ρ * . Therefore, the map ρ : R n+1 /F → R k is a homeomorphism onto the image.
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